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The motion of massive particles in the background of a charged black hole in heterotic string
theory, which is characterized by a parameter α, is studied in detail in this paper. Since it is
possible to write this space-time in the Einstein frame, we perform a quantitative analysis of the
time-like geodesics by means of the standard Lagrange procedure. Thus, we obtain and solve a set of
differential equations and then we describe the orbits in terms of the elliptic ℘-Weierstraß function.
Also, by making an elementary derivation developed by Cornbleet (Am. J. Phys. 61 7, (1993) 650
- 651) we obtain the correction to the angle of advance of perihelion to first order in α, and thus,
by comparing with Mercury’s data we give an estimation for the value of this parameter, which
yields an heterotic solar charge Q⊙ ≃ 0.728 [Km] = 0.493M⊙. Therefore, in addition to the study
on null geodesics performed by Fernando (Phys. Rev. D 85, (2012) 024033), this work completes
the geodesic structure for this class of space-time.
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I. INTRODUCTION
It is well known that an effective field theory describ-
ing string theory contains black hole solutions which have
∗Electronic address: marco.olivaresrubilar@gmail.com
†Electronic address: jose.villanuevalob@uv.cl
some properties that appear different from its counter-
part of the standard General Relativity [1, 2]. In this
paper we will try to test those differences between both
space-times by solving the complete time-like geodesics.
The starting point for studying this solutions is the
effective action in heterotic string theory in four dimen-
sions [3]
S =
1
16π
∫
d4x
√−g
[
R− 1
12
e−4ΦHµνλH
µνλ+
−2(∇Φ)2 − e−2ΦFµνFµν
]
, (1)
where Φ is the dilaton field, R is the scalar curvature,
Fµν = ∂µAν−∂νAµ is Maxwell’s field strength associated
with an U(1) subgroup of E8 × E8 or Spin(32)/Z2, and
Hµνλ = ∂µBνλ + ∂νBλµ + ∂λBµν − (Ω3(A))µνλ, (2)
where Bµν is the antisymmetric tensor gauge field, and
(Ω3(A))µνλ =
1
4
(AµFνλ +AνFλµ +AλFµν), (3)
is the gauge Chern–Simons term. In this contribution we
are interested in the situation when the fields Hµνλ and
Bµν take the zero value, in which case action (1) reads
S =
1
16π
∫
d4x
√−g [R− 2(∇Φ)2 − e−2ΦFµνFµν] , (4)
which leads to the field equations
∇µ(e−2ΦFµν) = 0, (5)
∇2Φ+ 1
2
e−2ΦF 2 = 0, (6)
2and
Rµν = −2∇µΦ∇νΦ− 2e−2ΦFµλFλν +
1
2
gµνe
−2ΦF 2. (7)
Solutions to Eqs. (5, 6, 7) for a static charged black hole
were found by Gibbons and Maeda [1], and independently
by Garfinkle, Horowitz and Strominger [2]. So, we will
refer to this black hole as the Gibbons–Maeda–Garfinkle–
Horowitz–Strominger (GMGHS) black hole. Thereafter,
numerous studies have been performed in the context
of the heterotic string theory. For example, the solu-
tion described a black hole in four dimensions carrying
mass, charge and angular momentum has been found in
[3], where also the extremal limit of this solution is dis-
cussed. The same author constructed the general electri-
cally charged, rotating black hole solution in the heterotic
string theory compactified on a six-dimensional torus [4].
Also, Hassan and Sen [5] have shown that given a clas-
sical solution of the heterotic string theory which is in-
dependent of a number d of the space-times coordinates,
and for which the background gauge field lies in a sub-
group that commutes with p of the U(1) generators of the
gauge group, one can generate other classical solutions
by applying an O(d− 1, 1)⊗O(d+ p− 1, 1) transforma-
tions on the original solution. Thus, using this method,
the authors constructed black string solutions in six di-
mensions carrying electric charge, and both, electric and
magnetic type antisymmetric tensor gauge-field charge.
On the other hand, the introduction of the basic aspects
of string solitons, duality and black holes in string the-
ory can be found in [6], whereas the static solutions of
electrically and magnetically charged dilaton black holes
with the topology of R2 ⊗ Sn−2, R2 ⊗ S1 ⊗ Sn−3 and
R2 ⊗ R1 ⊗ Sn−3 constructed from the dilaton gravity
theory with cosmological constant was obtained in [7].
In general relativity, the motion of particles in the
background of charged black holes has been studied in
various papers. For example, the motion of particles in
higher dimensional charged static spherically symmet-
ric space-times was presented in [8]. In four dimen-
sions, the properties of the Reissner–Nordstro¨m space-
time with non-zero cosmological constant was performed
in [9]. Also, the motion of massless particles on this
background with negative cosmological constant can be
found in [10], whereas the motion of charged particles in
the same space-time was made by Olivares et al. [11].
Stuchl´ık and Calvani [12] have studied the radial mo-
tion and perform a qualitative analysis of the allowed
orbits for photons on the charged black hole with Λ > 0,
whereas Pugliese et al. [13] have studied the circular
motion of neutral particles on the Reissner–Nordstro¨m
space-time without cosmological constant.
The study of geodesics of charged black holes in string
theory is an important area of research, this is because
where the gravity meets all other fundamental forces in
nature and the classical equation of motion takes the
form of Einstein equations plus Planck scale correction
terms. A primary work by considering the circular mo-
tion and the scattering problem of charged particles by a
charged dilatonic black hole with arbitrary coupling con-
stant a was realized by Maki and Shiraishi [14], however
there is no detailed discussion of effective potential that
accounts for all orbits allowed. In this work we are in-
terested in investigating the time-like geodesics around a
GMGHS black hole which corresponds to the case a = 1,
since once this task is performed, geodesic structure for
this space-time is completed, because the null geodesics
were resolved fully by Fernando [15], while the study of
the gravitational lensing was performed in [16]. Also,
the geodesic motion of neutral test particles for equato-
rial time-like circular geodesic and null circular geodesic,
both extremal and non-extremal case of charged black
hole in string theory was studied in [17], whereas the
geodesic motion in the multiply warped product space-
time near the hypersurfaces in the interior of the event
horizon can be found in [18].
This paper is organized as follows: in section II we
presents the procedure to obtain the motion equations of
massive particles in the GMGHS black hole background,
and then we solve these equations to describe the allow
orbits analytically. In section III we apply an elementary
derivation to evaluate the perihelion precession in this
space-time. Finally, in section IV we conclude with some
comments and final remarks.
II. TIME-LIKE GEODESICS
With the aim to study the motion of massive neutral
particles around the GMGHS black hole, we first derive
the geodesic equations following the same approach given
in [19–32]. Thus, we can write the GMGHS metric in the
Einstein frame as [15]
ds2 = −F dt2 + dr
2
F +R
2 (dθ2 + sin2 θ dφ2), (8)
where the radial function, R = R(r), is given by
R =
√
r
(
r − Q
2
M
)
=
√
r(r − α), α ≡ Q
2
M
, (9)
M is the ADM mass and Q is the electric charge of the
GMGHS black hole, and F = F(r) is the well known
lapse function of the Schwarzschild black hole,
F = 1− 2M
r
= 1− r+
r
, r+ = 2M. (10)
Also, the coordinates in (8) are defined in the ranges
0 < r < ∞, −∞ < t < ∞, 0 ≤ θ < π, and 0 ≤ φ < 2π.
So, the normalized Lagrangian associated to the metric
(8) results:
2L = −F t˙2 + r˙
2
F +R
2 (θ˙2 + sin2 θ φ˙2) = −1, (11)
where a˙ = da/dτ , and τ is an affine parameter along
the geodesic that we choose as the proper time. Since
3the Lagrangian (11) is independent of the cyclic coordi-
nates (t, φ), then their conjugate momenta (Πt,Πφ) are
conserved and are given by
F t˙ = −
√
E, (12)
and
R2φ˙ = L, (13)
in the invariant plane θ = π/2. So, inserting Eqs. (12)
and (13) into Eq. (11), we obtain(
dr
dτ
)2
= E − Vt, (14)
where Vt = Vt(r) is the effective potential given by
Vt = F
(
1 +
L2
R2
)
, (15)
which is showed in Fig. 1. From this, we can see that
confined orbit can exist depending on the value of the
constant of motion L. Let us start by examining the
extreme condition dVt/dr = 0, which leads to the cubic
equation
r3 − 2Lαr2 +
(
αLα + 3L
2
)
r − 2αL2 = 0, (16)
where
Lα =
L2
r+
+ α. (17)
So, by making the following identification:
rσ =
2Lα
3
, Rσ =
√
χ2
3
, θσ =
1
3
arccos
√
27χ23
χ32
, (18)
with
χ2 = 4
[
4
3
L2α − (αLα + 3L2)
]
,
χ3 = 4
[
16
27
L3α −
2
3
Lα(αLα + 3L
2) + 2αL2
]
, (19)
we can write the nth solution of Eq. (16) as a function
of the angular momentum, resulting in
r
(n)
ext(L) = rσ +Rσ cos
(
θσ +
2nπ
3
)
, (n = 0, 1, 2),
(20)
so, the stable circular orbit is obtained by setting n = 0
(r
(0)
ext(L) ≡ rs), while the unstable circular orbit is ob-
tained by setting n = 2 (r
(2)
ext(L) ≡ ru). Notice that
rs ≥ ru, and the existence of circular orbits are linked to
the value of the angular momentum. Here the equality
rs = ru ≡ rl means that there is a critical value for L,
1
V(  )rt
r
N
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FIG. 1: Top panel: the effective potential for particles with
non-vanished angular momentum. When the angular momen-
tum takes the value Llsco, then the maximum value of the
potential coincides with the minimum in a single point (point
of inflection), where the black hole’s last stable circular orbit
(lsco) occurs. Bottom panel: the effective potential for higher
values of the critical angular momentum allows the existence
of orbits confined between two turning points rP < r < rA,
also for rS stable circular orbit, and an unstable one, ru.
say Llsco, as is referred to in the top panel of Fig. 1. So,
by making the following identifications:
ℓ2L =
r+(3r+ − α)2
9r+ − α , Γ
2
L =
√
λ2
3
θL =
1
3
arccos
√
27λ23
χ32
, (21)
we can write this critical value as
L2lsco = ℓ
2
L + Γ
2
L cos θL, (22)
where
λ2 = 324
r+R2+ ℓ4L
(3r+ − α)3 , (23)
λ3 = 108
[
r4+R2+ (54r3+ − 54αr2+ + 9α2r+ − α3)
(9r+ − α)3
]
,(24)
R+ ≡ R+(r = r+) (25)
4Therefore, at this value of the angular momentum, Llsco,
the last stable circular orbit occurs as is shown in Fig. 1.
In addition with the principal equation of motion (14),
the remaining quadratures are written as(
dr
dt
)2
=
F (E − Vt )
E
, (26)(
dr
dφ
)2
=
R4 (E − Vt )
L2
. (27)
First, from Eq. (15) we note that neutral massive par-
ticles with L = 0 have the same behavior as in the
Schwarzschild space-time studied earlier, for example, by
Chandrasekhar [19], Wald [34], and Schutz [35], among
other authors. Therefore, we only put our attention on
the motion of massive neutral particles with non-zero an-
gular momentum. Let us consider Eq. (27), and rewrite
it as
(
dr
dφ
)2
=
R2
r L2
[−(1− E) r3 + (α(1 − E) + r+) r2
−Lαr+ r + L2 r+
]
. (28)
In order to obtain a full description of the motion of
massive particles, we separately study the two possible
cases: The bound orbits (E < 1) and the unbound orbits
(E = 1).
A. The bound orbits (E < 1)
As is possible to see from Equation (15), Vt → 1 for
r → ∞. This means that particles with E < 1 always
have a turning point which corresponds to an aphelion
distance, and depending on the value of the angular mo-
mentum, eventually has others turning point, see bottom
panel of Fig. 1.
For studying the motion of particles with this charac-
teristic, let us to rewrite Eq. (27) as
(
dr
dφ
)2
=
(1− E)
L2
R2 P
r
. (29)
Here the characteristic polynomial P = P(r) is given by
P = −r3 + rb r2 − Lα (rb − α) r + L2(rb − α), (30)
where
rb =
r+
1− E + α. (31)
Therefore, depending of the nature of its roots, we shall
obtain the allowed motions for this configuration.
1. The circular orbits
As we have seen, particles with L ≥ Llsco can stay
in a circular orbit at rcirc; it can be stable (rcirc = rs)
or unstable (rcirc = ru). The periods for one complete
revolution of these circular orbits, measured in proper
time and coordinate time, are
Tτ = 2π
√
2r3circ − 3r+r2circ − α(r2circ − 2r+rcirc)
r+
,
Tt = 2π
√
2r3circ − αr2circ
r+
. (32)
On the other hand, expanding the effective potential in
turn to r = rs, one can write
V (r) = V (rs) + V
′(rs)(r − rs) + 1
2
V ′′(rs)(r − rs)2 + ...,
(33)
where ′ means derivative with respect to radial coordi-
nate. Obviously, in this orbits V ′(rs) = 0, so, by defin-
ing the smaller coordinate x = r − rs, together with the
epicycle frequency κ2 = 1/2V ′′(rs), we can rewrite the
above equation as
V (x) ≈ Es + κ2 x2 (34)
where Es is the energy of the particle at the stable circu-
lar orbit. Also, it is easy to see that test particles satisfy
the harmonic equation of motion
x¨ = −κ2 x. (35)
In our case, the epicycle frequency is given by
κ2 = κ2Schw
(
1 + ǫ1
1 + ǫ2
)
, (36)
where κSchw is the epicycle frequency in the
Schwarzschild case given by [33]
κ2Schw =
r+
r3s
(
rs − 3r+
2rs − 3r+
)
, (37)
and the functions that appears here are given by
ǫ1 =
α r+
rs
(2rs − 3r+)
rs − 3r+ (38)
ǫ2 =
α rs (5r+ − 3rs) + α2(rs − 2r+)
2rs − 3r+ . (39)
Notice, from Eqs. (36, 38, 39), that κ → κSchw when
α→ 0.
2. Orbits of the first kind
Orbits of the first kind occur when the energy lies on
the range Es < E < Eu, and this case requires that
5P (r) = 0 allows three real roots, all of which are positive;
and we shall write them as
r
(ν)
d =
rb
3
+
√
η2
3
cos
[
1
3
arccos
(√
27η23
η32
)
+
2πν
3
]
,
(40)
where ν = 0, 1, 2, and
η2 = 4
(
r2b
3
− Lα(rb − α)
)
, (41)
η3 = 4
(
2r3b
27
− LαR
2
b
3
+ L2(rb − α)
)
, (42)
where Rb ≡ R(r = rb). So, we can identify the aphe-
lion distance as r
(0)
d = rA, and the perihelion distance as
r
(2)
d = rP , while the third solution can be recognized as
the aphelion distance to the orbits of the second kind,
ra = r
(1)
d , see bottom panel of Fig. 1. In this way, we
can rewrite the characteristic polynomial (30) as
P = (rA − r)(r − rp)(r − ra). (43)
Substituting Eq. (43) into Eq. (29) and then integrating,
we obtain the polar form to the first kind orbit of the
neutral massive particles, resulting
r(φ) = rA − α
4℘(κ1 φ; g2, g3)− α1/3 , (44)
where ℘(x; g2, g3) is the ℘-Weierstraß elliptic function
[36, 37], with the Weierstraß invariant given by
g2 =
1
4
(
α21
3
− β1
)
, g3 =
1
16
(
α1β1
3
− 2
27
α31 − γ1
)
,
(45)
while the constants are given explicitly by
κ1 =
1
L
√
(1− E)(rA − α)(rA − rP )(rA − ra)
α
,
α1 = −α
[
1
rA − α +
1
rA − rP +
1
rA − ra
]
β1 = α
2
[
1
(rA − α)(rA − rP ) +
1
(rA − ra)(rA − α)+
+
1
(rA − rP )(rA − ra)
]
, (46)
γ1 = − (1− E)α
2
L2 κ21
.
In the top panel of Fig. 2 we plot the polar trajectory
(44), and it shows that orbits precess between the aphe-
lion distance, rA, and perihelion distance, rP . Further-
more, we can determine the angle χ = 2φP corresponding
to an oscillation, resulting in
χ =
2
κ1
℘−1
[
α1
12
+
α
4(rA − rP )
]
. (47)
In section III we will present the post-Newtonian approxi-
mation to obtain some information about the parameters
of the theory.
3. Orbits of the second kind
As we have already explained, orbits of the second kind
have their aphelions at ra and eventually plunge to the
radial distance r = α. Therefore, in this case we have
the following characteristic polynomial:
P = (rA − r)(rP − r)(ra − r), (48)
so, inserting Eq. (48) into Eq. (29) and integrating, we
obtain
r(φ) = ra − α
4℘(κ2 φ; g2, g3)− α2/3 . (49)
Again, ℘(x; g2, g3) is the ℘-Weierstraß elliptic function
with the Weierstraß invariants given by
g2 =
1
4
(
α22
3
− β2
)
, g3 =
1
16
(
α2β2
3
− 2
27
α32 − γ2
)
,
(50)
where the constants are given by
κ2 =
1
L
√
[(1− E)(ra − α)(rA − ra)(rP − ra)]
α
α2 = α
[
1
rA − ra +
1
rP − ra −
1
ra − α
]
β2 = α
2
[
1
(rA − ra)(rP − ra) −
1
(rA − ra)(ra − α)+
− 1
(rP − ra)(ra − α)
]
(51)
γ2 = − (1− E)α
2
L2 κ22
The polar trajectory of the second kind is plotted in the
bottom panel of Fig. 2.
4. The critical trajectories
Neutral massive particles follow critical trajectories
when their energy is Eu (see bottom panel of Fig. 1),
which, of course, satisfy the condition Eu = Vt(ru).
Considering that the motion is performed in the region
ru < r < R0, we get the characteristic polynomial as
P = (R0 − r)(r − ru)2, (52)
and thus, the polar trajectory becomes
r(φ) = R0 − (R0 − ru)(R0 − α)
(R0 − ru) + (ru − α) coth2(ω0 φ)
, (53)
where the constants are
R0 ≡ r(0)d (Eu), ω0 =
√
(1 − Eu)(R0 − ru)(ru − α)
2L
,
(54)
6rP
r+rA
rar+ α
φ
P
χ
FIG. 2: Plot of the bound orbits for neutral massive particles.
Top panel: Orbit of the first kind which precession between
the aphelion distance, rA, and the perihelion distance, rP .
Also, this plot shows the angle χ = 2φP corresponding to an
oscillation; bottom panel: orbit of the second kind for which
massive particles plunge from the aphelion distance, ra, to
the interior singular surface at r = α.
and we have plotted this motion in the top panel of Fig.
3.
On the other hand, if the motion is performed in the
region r0 < r < ru, where r0 is starting distance, then
the characteristic polynomial is
P = (R0 − r)(ru − r)2, (55)
in which case we obtain the following polar orbit
r(φ) = α+
(R0 − α)(ru − α)
(ru − α) + (R0 − ru) coth2(ω0 φ)
. (56)
Finally, we can obtain the polar trajectory for the last
circular orbit (see top panel of Fig. 1)
r(φ) = rl − 4L
2
lsco (rl − α)
4L2lsco + (1− El) [(rl − α)φ]2
. (57)
R0
ru
ru
α
α
rl
r+
r+
FIG. 3: Plot for critical bound orbits. Top panel: critical
orbit of the first kind, whose trajectories followed by particles
falling from a distance R0 > ru and then approach asymp-
totically to the unstable circular orbit at ru. Here the initial
condition r(φ = 0) = R0 has been used ; middle panel: criti-
cal orbit of the second kind corresponding to the trajectories
for massive particles that can go asymptotically to the un-
stable circular orbit at ru or can fall into the event horizon
and eventually go to the singular surface at r = α; bottom
panel: last circular orbit allowed by this space-time. The
two last graphics have been made with the initial condition
r(φ = 0) = α.
7B. The unbound orbits (E ≥ 1)
The unbound orbits are those trajectories where mas-
sive particles posses an energy E ≥ 1. Without loss of
generality, we choose the orbits with E = 1 for the de-
scription of this class of orbits. Therefore, the motion
equation can be written as(
dr
dφ
)2
=
R2 B
(Lα − α) r , (58)
where the polynomial B = B(r) is given by
B = r2 − Lα r + L2 = (r − r1)(r − r2). (59)
Since the constant term in B is positive, the equation
B = 0 must allow either two positive roots or a complex
pair. Thus, the cases we must distinguish are those shown
in Fig. 4. Provided that there are two roots and they
are positive (distinct or coincident), we must continue to
distinguish between orbits of two kind: orbits of the first
kind restricted to the interval, r2 ≤ r <∞ (which are the
analogues of the hyperbolic orbits of the Newtonian the-
ory) and the orbits of the second kind with r ≤ r1 (which
are, in essence, no different from the bound orbits of the
second kind). When r1 = r2, the two kinds of orbits coa-
lesce as they approach, asymptotically, a common circle
from opposite side by spiralling round it an infinite num-
ber of times. Finally, when the equation B = 0 allows a
pair of complex-conjugate roots, the resulting orbits can
be considered as belonging to imaginary eccentricities.
1. Orbits of the first and second kinds
Here we study the motion of test particles by consid-
ering that two real distinct roots of the equation B = 0
are allowed. So, recalling
ρu =
1
2
Lα, and ∆ =
√
1− 4L
2
ρ2u
, (60)
we can write the real (positive) roots as
r1 = ρu (1 −∆), r2 = ρu (1 + ∆). (61)
So, by considering the orbits of the first kind (r > r2),
we obtain the polar form of the trajectory in terms of the
Weierstraß elliptic function, which becomes
r(φ) =
a1
3
+ 4℘
(
φ− Ω0√
Lα − α
; g2, g3
)
, (62)
where the Weierstraß invariants read
g2 =
1
4
[
a21
3
− b1
]
, g3 =
1
16
[
−a1b1
3
+
2
27
a31 + c1
]
,
(63)
1
V(  )rt
r
V(  )rt
r
V(  )rt
r
r2r1
r2r1=
E =
1E =
1E =
FIG. 4: The disposition of the roots of the quadratic equation
B = 0 for E = 1. Top panel: distinct positive roots with
r2 > r1; middle panel: coincident positive roots, r1 = r2 ≡ ρu;
bottom panel: complex roots, r1 = r
∗
2 .
while the constants are given by
a1 = Lα + α, b1 = αLα + L
2, c1 = αL
2. (64)
Notice that in Eq. (62) we have employed the initial
condition r(0) = r2, which implies that
Ω0 = ℘
−1
(
r2 − a1/3
4
; g2, g3
)
. (65)
From the solution (62) the deviation angle, ϕ = 2φ∞,
for this trajectory is obtained directly, and it reads
ϕ = 2
√
Lα − αΩ0. (66)
8In the same way, when the orbits of the second kind is
taken account (r < r1), we obtain the polar form of the
trajectory, which is given by
r(φ) =
a1
3
+ 4℘
(
Ξ0 − φ√
Lα − α
; g2, g3
)
, (67)
where the initial condition r(0) = r1 yields
Ξ0 = ℘
−1
(
r2 − a1/3
4
; g2, g3
)
, (68)
with same set of constant (63) and (64). The orbits of
the first and second kind (cf. Eqs. (62) and (67)) are
plotted in Fig. 5.
2. The critical trajectories
As we have said, the neutral massive particles can fall
asymptotically from a distance ri to an unstable circular
orbit at r1 = r2 ≡ ρu, see Fig. 4. Let us call Lu to the
solution of equation E = 1 = Vt(ρu, Lu) , which is given
by
Lu =
Ru√
s+ 1
, (69)
where Ru = R(r = ρu) and s = ρu/r+. Therefore, if
ρu < ri <∞, then the polar trajectory is given by
r(φ) = α+ (ρu − α) coth2
[√
1 + s−1
2
φ
]
, (70)
where we have used the condition φ = 0 when r → ∞.
On the other hand, if α < ri < ρu, then the polar orbit
can be written as
r(φ) = α+ (ρu − α) tanh2
[√
1 + s−1
2
φ
]
, (71)
where, for simplicity, we have used the condition φ = 0
when r = α. The critical trajectories, (70) and (71), are
plotted in Fig. 6.
3. The last orbit
Finally, by considering test particles with angular mo-
mentum Llsco < L < Lu, we can obtain the last orbit
allowed in this space-time, and it correspond to the sit-
uation depicted in the right panel of Fig.4. Therefore,
starting with the initial condition φ = 0 at r = α, the
analytic solution to this motion is given by
r(φ) =
a1
3
+ 4℘
(
Θ0 + φ
Lα − α ; g2, g3
)
, (72)
r1
α
r+
r2
ϕ
FIG. 5: The unbounded orbits with E = 1. Top panel: orbits
of the first kind. Particles coming from the spatial infinity and
approach to the minimal distance r2 and then going again to
the spatial infinity. Also, the deviation angle ϕ = 2φ∞ is
shown in this plot; bottom panel: orbit of the second kind for
massive particles starting from the turning point at r1 which
cross the event horizon and arrive at the singular surface at
r = α.
where the Weierstraß invariants are given in Equation
(63), and the initial condition r(0) = α yields
Θ0 = ℘
−1
(
α− a1/3
4
; g2, g3
)
. (73)
The polar trajectory given in Eq. (72) is shown in Fig.
7.
9ρ
ur+α
ρ
u
FIG. 6: The unbounded critical trajectories. Top panel: or-
bits of the first kind for massive particles which are coming
from spatial infinity and fall asymptotically to the unstable
circular orbit at ρu; bottom panel: orbits of the second kind,
corresponding to the trajectories followed by neutral massive
particles which, depending on their initial velocity, can go ei-
ther to the singular surface at r = α or to the unstable circular
orbit at ρu.
III. PERIHELION PRECESSION
The following treatment, performed by Cornbleet [38],
allows us to derive the formula for the advance of the
perihelia of planetary orbits. The starting point is to
consider the line element in unperturbed Lorentz coordi-
nates
ds2 = −dt2 + dr2 + r2(dθ2 + sin2 θdφ2), (74)
together with the GMGHS line element (8). So, consider-
ing only the radial and time coordinates in the binomial
approximation, the transformation gives
dt˜ ≈
(
1− r+
2r
)
dt and dr˜ ≈
(
1 +
r+
2r
)
dr. (75)
α r+
FIG. 7: The last orbit. These trajectories correspond to
those followed by massive particles coming from spatial infin-
ity which cross inexorably the event horizon and then arrive
at the singular surface at r = α.
We will consider two elliptical orbits, one the classical
Kepler orbit in (r, t) space and a GMGHS orbit in an
(r˜, t˜) space. Then in the Lorentz space dA =
∫
R
0 rdr dφ =
R
2 dφ/2, and hence
dA
dt
=
1
2
R
2 dφ
dt
, (76)
which corresponds to Kepler’s second law. For the
GMGHS case we have
dA˜ =
∫
R
0
R dr˜ dφ, (77)
where dr˜ is given by Eq. (75), and the binomial approx-
imation for the radial function (9) is
R ≈ r
(
1− α
2r
)
. (78)
So, we can write (77) as
dA˜ =
∫ R
0
(
r − α
2
)(
1− r+
2r
)
dr dφ
≈ R
2
2
(
1 +
r+ − α
R
)
dφ. (79)
Therefore, applying the binomial approximation wher-
ever necessary, we obtain
dA˜
dt˜
=
1
2
R
2
(
1 +
r+ − α
R
)
dφ
dt˜
dA˜
dt˜
=
1
2
R
2
(
1 +
r+ − α
R
)(
1 +
α
2R
) dφ
dt
dA˜
dt˜
=
1
2
R
2
[
1 +
3r+
2R
(
1− 2α
3r+
)]
dφ
dt
(80)
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So, using this increase to improve the elemental angle
from dφ to dφ˜ then for a single orbit∫ ∆φ˜
0
dφ˜ =
∫ ∆φ=2pi
0
[
1 +
3r+
2R
(
1− 2α
3r+
)]
dφ. (81)
The polar form of an ellipse is given by
R =
ℓ
1 + ε cosφ
, (82)
where ε is the eccentricity and ℓ is the semi-latus rectum.
In this way, plugging Eq. (82) into Eq. (81), we obtain
∆φ˜ = 2π +
3r+
2ℓ
(
1− 2α
3r+
)∫ ∆φ=2pi
0
(1 + ε cosφ)dφ
= 2π +
3πr+
ℓ
− 2πα
ℓ
. (83)
Therefore, the perihelion advance has the standard value
∆φGR = 3πr+/ℓ plus (minus) the correction term coming
from the string theory ∆φst = −2πα/ℓ.
TABLE I: Sources of the precession of perihelion for Mercury
Amount Cause
(arcsec/Julian century)
∆φeq = 5028.83 ± 0.04 [39] General precession in longitude
(precession of the equinoxes)
∆φpl = 530 [40] Gravitational tugs of the
other planets
∆φobl = 0.0254 [41] Oblateness of the Sun
(quadrupole moment)
∆φGR = 42.98 ± 0.04 [42] General Relativity
∆φT = 5603.24 Total
∆φob = 5599.74 ± 0.41 [43] Observed
∆φdis = −3.50 Discrepancy
Aiming to explain our results, let us consider the values
for Mercury given in table I and then we add together the
parts contributed by the general precession in longitude,
the gravitational tugs of the other planets, oblateness of
the sun and the general relativity term, we can write the
total advance of perihelion as
∆φT = ∆φeq +∆φpl +∆φobl +∆φGR, (84)
so, by comparing with the observational value, ∆φobs,
we obtain a (negative) discrepancy between both values
which can be assumed as heterotic correction of the ad-
vance of perihelion, i. e., we assume that ∆φdis ≃ ∆φst,
see Fig. 8. Therefore, we obtain the numerical value α =
0.359 [Km] which drive us to estimate the heterotic solar
charge, Q⊙ ≃ 0.728 [Km] = 0.493M⊙ = 8.45 × 1019 [C].
Notice that this effect is perceived by uncharged parti-
cles, since merely corresponds to an effect of curvature in
space-time, in the same way that photons are deflected
by a massive body. Finally, by considering that the num-
ber of electric charges is n⊙ = Q⊙/e ≃ 5.27×1038, where
e is the fundamental charge, we obtain the heterotic solar
electric density, resulting
ρ⊙ = 3.76× 1011
[
electric charges
m3
]
. (85)
∆φ
T
∆φobs
∆φst
FIG. 8: The advance of perihelion. The heterotic correction
gives an angle which increases the total effect, so this correc-
tion allows us to explain the discrepancy between theoretical
and observational values.
IV. SUMMARY
In this paper we have studied the motion of test neu-
tral massive particle in a Gibbons–Maeda–Garfinkle–
Horowitz–Strominger (GMGHS) black hole. The equa-
tions for the geodesics in the Einstein frame were ex-
actly solved for various values of the constants of motion
of the test particles. We note that radial motion result
to be equivalent to the Schwarzschild space-time, found
early by other authors (for example, Chandrasekhar [19],
Schutz [35], Wald [34]), so radial massive particles cannot
feel any difference with the Schwarzschild counterpart.
Moreover, the motion with non-zero angular momentum
is different, nevertheless still presents some equivalences:
there are bound and unbound orbits. For bound orbits,
we studied the circular motion found the epicycle fre-
quency, which reduces to the Schwarzschild case when
α → 0 [33]. Also, orbits of the first and second kind are
described by means of the ℘-Weierstraß elliptic function,
and finally, the two class of critical trajectories, together
with the last stable circular orbit, are obtained in terms
of elemental functions.
On the other hand, the unbound orbits are studied
for a specific value of the energy E = 1 since there are
no change in the physics when the case E > 1 is consid-
ered. Thus, again the polar form of orbits of the first and
11
second kind was obtained in terms of the ℘-Weierstraß
elliptic function, while the critical orbits were obtained
in terms of elemental functions. In order to complete the
geodesic structure of the GMGHS space-time, we obtain
the last trajectory that fall into the horizon which also is
obtained in terms of the ℘-Weierstraß elliptic function.
Additionally, we use a method developed by Corn-
bleet [38] to obtain the correction to the advance of
the perihelion in this space-time which, by comparing
with the available Mercury’s data, allows us to estimate
the heterotic solar charge, resulting Q⊙ ≃ 0.728 [Km] =
0.493M⊙.
Finally, in addition with the work on null geodesics
developed by Fernando [15], this contribution completes
the full geodesic structure of the GMGHS space-time.
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